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We theoretically investigate the spin Hall conductivity (SHC) in topological Dirac semimetals
(TDSMs) whose Dirac points are protected by rotational symmetry. On the basis of a general
phase diagram of the system with time-reversal, inversion and four-fold rotational symmetries, we
reveal that the SHC is sensitive to the phase to which the system belong. The phase and the SHC
are characterized by the mirror Chern numbers and the presence or absence of gapless bulk Dirac
points. It is also found that the representative TDSM Cd3As2 supports a large and negative SHC
σzxy ∼ −10
4(~/e)(Ω.m)−1. The principle behind the dependency of SHC on the phase diagram is
also explained.
I. INTRODUCTION
Topological Dirac semimetals (TDSMs) are 3D mate-
rials having both a linear dispersion along all momen-
tum directions and a nonzero topological invariant. Their
Dirac points (DPs)(gapless points) are protected by ro-
tational symmetry, and they exist stably along the rota-
tional symmetric axis in a finite parameter region unlike
an accidental Dirac semimetal existing at the topological
phase transition point between a 3D topological insulator
and a normal insulator1. TDSMs can be distinguished
from ordinary Dirac semimetals (DSMs) by the mirror
Chern numbers nM at kz = 0 and π plane; nM = 0 in
DSMs but nM 6= 0 in TDSMs. To date, TDSMs with
rotational symmetry have been synthesized and experi-
mentally demonstrated2–6.
Several characteristic phenomena specific to TDSMs
have been studied theoretically and experimentally2–8.
Among them, the spin Hall effect, i.e. spin current gen-
eration via an applied electric field, is intriguing. The
spin Hall effect is a central issue in spintronics, and the
non-dissipative spin current has a possible application to
energy-saving electronic devices9,10.
Whereas the spin Hall conductivity (SHC) of
TDSMs has been discussed in the low-energy model
Hamiltonian,7 a full lattice description is necessary to
capture the whole phase diagram of TDSMs:1 A gen-
eral 3D lattice Hamiltonian possesses multiple phases,
such as TDSM, DSM, and weak topological (crystalline)
insulators1, which are not reproduced in the low-energy
model. Moreover, the low-energy description is known to
have a subtle ambiguity in transport phenomena11,12.
In this paper, we evaluate the SHC systematically
based on a lattice model with time-reversal, inversion and
four-fold rotational symmetries. First, we consider the
low-energy limit of the model Hamiltonian. We derive
the SHC analytically, and find that the SHC is propor-
tional to the distance between DPs along the rotational
symmetric axis (Γ-Z axis). The low-energy Hamiltonian
accidentally preserves the spin in the z-direction, from
which the simple relation is obtained. Then, we evalu-
ate the SHC by using the full lattice model. We reveal
that the SHC is sensitive to the phase to which the sys-
tem belong. The phase and the SHC are characterized
by the mirror Chern numbers and the presence or ab-
sence of gapless bulk Dirac points. We also find that the
SHC obtained in the low-energy limit reproduces that in
the lattice model only in a part of the TDSM phase. The
principle behind the dependency of SHC on the phase di-
agram is explained. Furthermore, since the SHC is given
by the quantized unit of electrical conductance and the
distance between DPs, we estimate that the representa-
tive TDSM Cd3As2 supports a large and negative SHC
σzxy ∼ −104(~/e)(Ω.m)−1.
This paper is organized as follows. In Sec.II, we in-
troduce a general model Hamiltonian of TDSMs that
supports time-reversal, inversion and four-fold rotational
symmetries. We also review the phase diagram of the sys-
tem. In Sec.III, we calculate the SHC using the Green’s
functions techniques in the clean limit. In Sec.III B, we
derive the analytical formula for the SHC in the low-
energy description near the Γ point. The mixing effects
in the low-energy description is discussed in Sec.III C. We
provide the result of the SHC for the full lattice Hamil-
tonian in Sec.III D. In Sec. IV, we compare the full lat-
tice calculation with the low-energy description. We also
identify the topological invariant that explains a jump of
the SHC at M/tz = 1. Finally, we estimate the SHC for
a candidate material Cd3As2.
II. MODEL
To calculate the SHC, we consider a general Hamil-
tonian for TDSMs having time-reversal, inversion, and
four-fold rotational symmetries. Assuming that the
Hamiltonian consists of orbitals with opposite parity un-
der inversion, we obtain the minimal Hamiltonian as
follows,1,13,14
H(k) =a1(k)σ
xsz + a2(k)σ
ys0 + a3(k)σ
zs0
+ a4(k)σ
xsx + a5(k)σ
xsy, (1)
2where ai=1,2,3,4,5 is a real function given by
a1(k) = η sin kx (2)
a2(k) = −η sin ky (3)
a3(k) =M − txy(cos kx + cos ky)− tz cos kz. (4)
a4(k) = (β + γ) sin kz(cos ky − cos kx) (5)
a5(k) = −(β − γ) sinkz sin ky sin kx. (6)
Here, η indicates the nearest neighbor hopping am-
plitudes in the xy plane; β + γ represents the next
nearest neighbor hopping amplitudes in the yz and zx
planes; β − γ indicates the hopping process along the
body-diagonal direction of the cubic lattice; σi=x,y,z and
si=x,y,z are Pauli matrices in the orbital and the spin
spaces, respectively; M indicates the on-site potential
difference between the orbitals; txy (tz) denotes the dif-
ference in hopping amplitudes between different orbitals
along the x and y directions (along z direction). The
Hamiltonian describes the TDSM phase in Cd3As2 where
the orbital and the spin are given by |s, ↑, Jz = 1/2〉,
|px + ipy, ↑, Jz = 3/2〉, |s, ↓, Jz = −1/2〉, and |px − ipy, ↓
, Jz = −3/2〉 (↑ and ↓ represent the spin degrees of free-
dom).
The Hamiltonian hosts time-reversal, inversion, and
four-fold rotational symmetries
T H(k)T † = H(−k), (7)
PH(k)P† = H(−k), (8)
C4H(kx, ky, kz)C†4 = H(ky,−kx, kz), (9)
with T = iσ0syK, P = σzs0, and C4 = ei(2σ0−σz)szpi/4,
respectively. Combining inversion and rotation symme-
tries, we also have mirror reflection symmetry
MxyH(kx, ky, kz)M†xy = H(kx, ky,−kz) (10)
withMxy = PC24 = iσ0sz . The four-fold rotational sym-
metry prohibits the mixing between different orbitals at
a rotation symmetric line, which makes it possible to ob-
tain stable DPs. Because of the mirror reflection sym-
metry, we can introduce the mirror Chern numbers at
kz = 0 and kz = π, respectively. Note that the mirror
Chern numbers are well-defined even if DPs exist, as long
as DPs are not on a mirror invariant plane.
Following Ref.1, we present the phase diagram of the
model Hamiltonian in Fig.1. Each phase is character-
ized by the mirror Chern numbers and the presence or
absence of DPs. For M/tz + 2txy/tz − 1 < 0 (DSM
phase), DPs both at Γ-Z and M -A lines in the Brillouin
zone [Fig. 1(c)], and the mirror Chern numbers are zero
both at kz = 0 and π. For M/tz ± 2txy/tz ∓ 1 > 0 and
M/tz − 2txy/tz − 1 < 0 (TDSM phase), DPs are located
only at a line between Γ and Z points, and the mir-
ror Chern number is nonzero at kz = 0 [Fig. 1(b),(e)].
Finally, in M/tz − 2txy/tz + 1 < 0 (weak topological
insulator (WTI)/topological crystalline insulator (TCI)
phase), the system is fully gaped in the bulk and has
nonzero mirror Chern numbers [Fig. 1(a),(d)].
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FIG. 1. (Color online) Phase diagram of the system, where
M and txy (tz) denotes the on-site potential difference be-
tween the orbitals and the difference in hopping amplitudes
between different orbitals along the x and y directions (along z
direction), respectively1. The phases are characterized by the
mirror Chern numbers and the presence or absence of DPs.
(a)-(f)indicate the location of DPs via band inversion (repre-
sented by red and blue cones) and band touching (represented
by green cones) in the Brillouin zone. Here, the band-touching
DP are on the boundaries of the phases (dotted lines in the
phases). At β + γ = 0, DPs exist even at the X-point in the
M/tz < 1 regime. The red (blue) plane in the Brillouin zone
shows the nonzero mirror Chern number nM = +1(−1) at in
kz = 0 and pi plane.
We notice that the mirror Chern number at kz =
0 changes by a factor of two at M/tz = 1 line in
the TDSM and WTI/TCI phases. The change is
caused by a band touched Dirac dispersion at the X
point for M/tz = 1 [Fig. 1(f)]. The difference
in the mirror Chern number refines both the TDSM
and WTI/TCI phases. In particular, the WTI/TCI
phase is refined into a 3D TCI [Fig. 1(a)] and a 2D
TCI [Fig. 1(d)], respectively. We denote the refined
phases as TDSM(I)[Fig. 1(b)], TDSM(II)[Fig. 1(e)], 3D
TCI[Fig. 1(a)], and 2D TCI[Fig. 1(d)], respectively.
In addition to DPs protected by rotation symmetry,
the system may have accidental DPs. Such accidental
DPs appear along the X-R line when M/tz < 1 and
β + γ = 0. On the X-R line, the energy of the system
is given by E(0, π, kz) = ±
√
a23(kz) + a
2
4(kz), which is
gapless when kz = ± arccos (M/tz) and β + γ = 0. For
a non-zero β + γ, a gap opens at the gapless point, but
it stays narrow for small β + γ. As we show later, such
a narrow gap may provide a substantial contribution to
the SHC.
III. SPIN HALL CONDUCTIVITY
In this section, we show the SHC of the model Hamil-
tonian H(k). First, using the standard technique of the
Keldysh Green’s functions, we provide that the SHC is
A Spin Hall conductivity 3
represented by the momentum integral of the spin Berry
curvature and the Fermi distribution functions [Eq. (16)].
Second, we calculate the SHC using Eqs. (16)-(18) and
two different descriptions of the model; the low-energy
description near DPs, and the full lattice description.
The SHC is obtained analytically in the low-energy de-
scription near DPs, and we find that the SHC is propor-
tional to the distance between DPs if the mixing between
DPs is taken into account. We also perform the numeri-
cal calculation of the SHC in the lattice description of the
model, and evaluate the phase dependence of the SHC.
A. Spin Hall conductivity
Spin current density is defined by10
jαs,i = 〈ψ†vαs,iψ〉, (11)
where vαs,i = {vi, ~2sασ0}/2 is the velocity operator of
the spin current, vi = ∂H/(~∂ki) is the velocity oper-
ator, and ψ† = (ψ†s,↑, ψ
†
px+ipy ,↑
, ψ†s,↓, ψ
†
px−ipy ,↓
) denotes
the creation operator for the model Hamiltonian H(k)
on the spin degrees of freedom and the orbital degrees of
freedom. The superscript and the subscript of the spin
current jαs,i=x,y,z indicate the polarization of spin and the
direction of its flow, respectively.
The spin current in a linear response caused by an
external electric field along the y direction (Eex,y) is given
by
σzxy ≡ jzx/Eex,y. (12)
The SHC can be represented by the standard technique
of Green’s functions as follows:10,15
σzxy =
e~
Ω
∑
k,ω
tr
[
vzs,xG(k, ω)vyG(k, ω +Ω)
]<
Ω→0
, (13)
where e represents the elementary charge of electrons,
and Ω(→ 0) represents the frequency of the applied elec-
tric field Eex,y. Here, G(k, ω) denotes the Green’s func-
tions of H(k), and the superscript “<” indicates the
lesser component of the Green’s function. The SHC
σzxy can be decomposed into two terms, i.e., σ
z
xy =
σz,raxy + σ
z,aa
xy , where σ
z,ra
xy and σ
z,aa
xy are constructed by
the products of the retarded and the advanced Green’s
functions, and by only the advanced Green’s functions,
respectively, as follows:
σz,raxy = e~
∑
k,ω
∂f(ω)
∂ω
tr
[
vzs,xG
r(k, ω)vyG
a(k, ω)
]
, (14)
σz,aaxy =
e~
2
∑
k,ω
f(ω)tr
[
vzs,x
(
∂Ga(k, ω)
∂ω
vyG
a(k, ω)
−Ga(k, ω)vy ∂G
a(k, ω)
∂ω
)
− h.c.
]
, (15)
where f is the Fermi distribution function, Gr(k, ω) =
[~ω−H+ iǫ]−1 and Ga(k, ω) = [Gr(k, ω)]† denote the re-
tarded and the advanced Green’s functions, respectively.
These SHCs are analytically calculated in the clean limit
(i.e., ǫ → 0+) as shown in the Appendix A. Then, it
becomes
σzxy = e~
∑
k
[f(E)− f(−E)]Ωzxy, (16)
where f(E) = [1 + exp [(E − µ)/(kBT )]]−1 denotes the
Fermi distribution function and Ωzxy represents the spin
Berry curvature; E, µ, kB , and T represent the eigen-
value, chemical potential, Boltzmann’s constant, and
temperature, respectively. The spin Berry curvature Ωzxy
can be obtained by calculating Tr[...] in Eqs. (14) and
(15). The spin Berry curvature Ωzxy is given by
Ωzxy =
∑
En>Em 6=n
i
〈n|vzs,x|m〉〈m|vy|n〉 − (x↔ y)
[En(k)− Em(k)]2 (17)
=
η2
2~E3
[
(M − tz cos kz) cos kx cos ky
− txy(cos kx + cos ky)
]
, (18)
where |n〉 denotes the wave function for En(= E =√
a21 + a
2
2 + a
2
3 + a
2
4 + a
2
5) of the n-th band for the Hamil-
tonian H(k) in Eq. (1). It must be noted that, at
β = γ = 0, the 4 × 4 model Hamiltonian can be de-
composed into a 2× 2 block diagonal in the spin ↑ and ↓
sectors, and the Berry curvatures for the ↑ and ↓ sectors
Ω↑xy and Ω
↓
xy are defined, respectively. Then, we found
that Ωzxy = Ω
↑
xy − Ω↓xy, because the spin is conserved at
β = γ = 0.
B. Low-energy description near Dirac points
Next, we analytically obtain the SHC in the low-energy
effective Hamiltonian near DPs. Here we assume that
DPs are located near the Γ point. The Hamiltonian is
given by replacing sin ki → ki + o(k3i ) and cos ki → 1 −
1
2k
2
i + o(k
3
i ) in Eq. (1) as follows
7,13,14:
H(k) = ~v(kxszσx − kys0σy) +m(k)s0σz, (19)
where v = ηa/~ and a represent the velocity and the
lattice constant, respectively. Here, m(k) is a parameter
that represents the band inversion and is given by7
m(k) = −m0 +m1k2z +m2(k2x + k2y) (20)
with m0 = 2txy + tz − M , m1 = tza2/2, and m2 =
txya
2/2. Here m1m0 > 0 is required to obtain DPs.
Below, we simply set the lattice constant a = 1.
Using Eqs. (19)-(20), we find that DPs are located
at k± = ±(0, 0, k0) with k0 ≡
√
m0/m1. Then, the
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FIG. 2. (Color online) Spin Berry curvature and SHC in the low-energy description: (a) Momentum dependence of the spin
Berry curvature near DPs, (b) kz resolved SHC [
∫
dk‖k‖~(Ω
z
xy,++Ω
z
xy,−)], and (c) SHC in the TDSM phases in the low-energy
description near the DPs, with k‖ =
√
k2x + k2y . (d) Momentum dependence of the spin Berry curvature near the Γ point, (e)
kz resolved SHC Bkz , and (f) SHC in TDSM phases in the low-energy description near the Γ point. It is noticed that, at the
txy → 0(m2 → 0) limit in (f), SHC becomes infinity. This result implies that the low-energy description does not work when
m2 = 0. Here, we used the parameters η = 0.89 eV, tz/η = −3.4, and txy/tz = M/tz = 0.5, a ≈ 1A˚, and the conductance
quantum 2e2/h = 7.75 × 10−5Ω−1. The corresponding plot at that point (txy → 0) was excluded because the magnitude of
SHC diverges at txy = 0 (m2 = 0).
Hamiltonian of Eq. (19) is linearized by expanding near
the DPs k±, and the linearized Hamiltonian of each DP
H± is given by
H± = ~v(kxs
zσx − kys0σy)± ~v˜(kz ∓ k0)s0σz (21)
with v˜ = 2m1k0/~ = sgn(m1)2
√
m0m1/~. Using the
Hamiltonian H±, the SHC is given by,
σzxy = σ
z
xy,+ + σ
z
xy,−, (22)
where σzxy,± is the SHC for the Hamiltonian H±. This is
a linearized model Hamiltonian near the DPs along the
Γ-Z direction. Here, σzxy,± can be individually calculated
based on the assumption of no interband interaction (no
mixing effect) between each H±. This SHC σ
z
xy,± in the
clean limit is obtained by a similar calculation as that in
Eqs. (16)-(17) as follows:
σzxy,± = e~
∑
k
[f(E±)− f(−E±)]Ωzxy,±, (23)
where E± = ~
√
v2(k2x + k
2
y) + v˜
2(kz ∓ k0)2 and Ωzxy,± =
±~v2v˜(kz ∓ k0)/(2E3±) [as shown in Fig.2(a)] denote the
eigenvalue and the spin Berry curvature for H±, respec-
tively. We perform the summation in Eq.(23) in a rota-
tional symmetric manner along the kz-axis. Because the
system is a 2D spin Hall insulator for a fixed value of
kz (except for kz = ±k0), the 2D SHC is quantized to
(e2/h)×Z. As a result, the SHC in the overall system is
given as follows (Appendix B):
σzxy = −e~
∫
d3k
(2π)3
(
Ωzxy,+ +Ω
z
xy,−
)
,
= − e~
4π2
∫ ∞
−∞
dkz
∫ ∞
0
dk‖k‖
(
Ωzxy,+ +Ω
z
xy,−
)
= − e
8π2
∫ ∞
−∞
dkz
[
sgn[v˜(kz − k0)]− sgn[v˜(kz + k0)]
]
(24)
= sgn(m1)
(
~
e
)
e2
h
k0
π
(25)
with k‖ =
√
k2x + k
2
y. Thus, the above value is propor-
tional to the distance between the DPs. This is similar
to the anomalous Hall conductivity in Weyl semimetals,
where the anomalous Hall conductivity depends only on
the distance between Weyl points16.
From Eq. (24), the kz resolved SHC (2D SHC)∫
dk‖k‖(Ω
z
xy,+ + Ω
z
xy,−) takes a nonzero value only be-
tween the band crossing points kz ∈ [−k0, k0] [see Fig.
2(b)]. Therefore, the total SHC, which is obtained by
kz integral of the nonzero kz resolved SHC, is propor-
tional to the distance between the DPs [Fig. 2(c)]. Later,
we confirm that this feature holds even beyond the low-
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FIG. 3. (Color online) (a) Color density plot of the SHC for txy/tz andM/tz in the lattice model. (b)M/tz dependence of SHC
for several txy/tz. (c) k0 dependence of SHC for several (M + 2txy)/tz, which is parallel to the boundary line between TDSM
and DSM phases. Here, 2k0[= 2 arccos (M − 2txy)/tz] is the distance between the Dirac points along the Γ-X direction. Open
and closed symbols represent M/tz > 1 and M/tz < 1, respectively. Here, we used the parameters η = 0.89 eV, tz/η = −3.4,
β/tz = 2γ/tz = 0.67, a ∼ 1A˚, and µ = T = 0.
energy description by performing the full lattice calcula-
tion of the SHC.
C. Mixing effects in low-energy description
In the previous subsection, we use the linearlized
Hamiltonian in Eq.(21) to evaluate the SHC. Here, we
use the non-linearlized version in Eq.(19), where the mix-
ing between DPs is taken into account. The SHC is given
by Eqs. (16)-(17) as follows:
σzxy = e~
∑
k
[f(E)− f(−E)]Ωzxy, (26)
where E =
√
~2v2(k2x + k
2
y) +m
2 and Ωzxy denote the
energy dispersion and the spin Berry curvature for the
Hamiltonian H of Eq. (19), respectively. Here, the spin
Berry curvature Ωzxy is similar to that in the linearized
model [Fig.2(d)], where it diverges at the DPs. If k in-
tegral is performed in a rotation symmetric manner as
before, the SHC at the low-temperature limit is given by
σzxy = −
(
~
e
)
× e
2
h
∫ ∞
−∞
dkz
2π
Bkz , (27)
Bkz ≡
∫ ∞
0
dk‖k‖~Ω
z
xy(k‖, kz), (28)
where Bkz is a non-dimensional value that denotes the
2D SHC of each kz or the kz resolved SHC.
First, we estimate Bkz in the limit m2 → 0 (txy → 0).
Then, it can be easily computed as follows (Appendix
C):
Bkz (m2 → 0) =
1
2
sgn[−m0 +m1k2z ]. (29)
Thus, SHC becomes infinity
σzxy = −sgn(m1)×∞, (30)
which can be attributed to the fact that Bkz (m2 → 0)
stays nonzero for large |kz | [Fig. 2(e)]. This result im-
plies that the low-energy description does not work when
m2 → 0.
On the contrary, Bkz in m2 6= 0 (or txy 6= 0) becomes
an integer
Bkz =
1
2
[
sgn(−m0 +m1k2z)− sgn(m2)
]
(31)
Here, Bkz depends on sign of parameters. Namely, if
m0 < 0, m1 < 0, m2 < 0 (e.g., parameters in Fig. 1), we
have nonzero Bkz only for kz ∈ (−k0, k0), where 2k0 =
2
√
|m0/m1| is the distance between the DPs. As a result,
the kz summation of Bkz , i.e., the total SHC converges
[c.f., Fig. 2(e)], unlike that at m2 → 0. The obtained
SHC is proportional to the distance between DPs.
We find that the SHC of the non-linearlized model
is the same as that of the linearlized one, except when
m2 = 0. See Figs. 2(c) and (f). This is because the
low-energy limit of the Hamiltonian in Eq.(1) preserves
the spin in the z-direction since the spin-orbital coupling
terms a4(k) and a5(k) are neglected. As a result, the
SHC for each kz is quantized, and thus the mixing be-
tween DPs does not affect the SHC.
D. Full lattice description
In this section, we show the SHC in the full lattice
Hamiltonian. Using Eq. (16), we numerically compute
σzxy(µ = 0) at T = 0. The SHC depends on txy/tz and
M/tz, as shown in Fig. 3. The color density plot of the
SHC shows several blocks, which exactly correspond to
different phases in the phase diagram of Fig. 1: in both
DSM and normal insulator phases, the SHC is approxi-
mately zero. A nonzero SHC is obtained in the TDSM
phase and the WTI/TCI phase. The phase dependence
D Full lattice description 6
FIG. 4. Illustration of the kz dependence of the spin Berry curvature Ω
z
xy(k) at the Γ, X, and M points in the Brillouin zone
in (a1)-(a3) TDSM phase with M/tz ≥ 1, (b1)-(b3) TDSM with M/tz < 1, (c1)-(c3) DSM, and (d1)-(d3) WTI/TCI phase
with M/tz ≤ 1 at β = γ = 0. Here, d1, d2, and d3 denote the distance between the Dirac points along the kz axis at the Γ, X,
and M points, respectively. (e)-(h) 2D integral of the spin Berry curvature in each phase without (dotted lines) and with SOC
(blue lines).
of the SHC is one of the main results in this paper. We
also confirm that the SHC shows qualitatively the same
behaviors even at T = 300 K.
The SHC changes drastically at the line M/tz = 1
[see also Fig. 3(b)]. In particular, the SHC depends
in a different manner on the distance between DPs.
Figure 3(c) depicts how the SHC depends on the dis-
tance between DPs for several (M + 2txy)/tz. Here,
2k0[= arccos (M − 2txy)/tz] is the distance between the
DPs along the Γ-X direction, and the open” and closed
symbols in Fig. 3(b) denote the data for M/tz < 1 and
M/tz > 1, respectively. In contrast to the low-energy
description in Secs.III B and III C, we find that the SHC
is proportional to k0 only when M/tz > 1.
This phase dependence of the SHC can be explained
by the 2D integral of the spin Berry curvature
Bkz ≡ ~
∑
kx,ky
Ωzxy(k) (32)
in each phase. First, we consider Bkz at β = γ = 0,
where the spin in the z-direction is preserved. Because
the spin Berry curvature Ωzxy is inversely proportional to
the cube of the energy dispersion E3, it strongly depends
on the location of the DPs of each phase. For example,
when the DPs are located only at the Γ point in the
TDSM phases with M/tz > 1, the spin Berry curvature
diverges only at the DPs along the Γ-X direction [see
Fig. 4(a1)-(a3)]. Furthermore, its divergence is separated
by d1, where d1 ≡ 2 arccos (M − 2txy)/tz is the distance
between DPs along the Γ-X direction. Then, the non-
dimensional parameter Bkz is obtained from the distance
7as Bkz = 12pi sgn(d1 − |kz|) [see Fig. 4(e)]. Therefore, the
SHC is proportional to d1 from Eq. (16) [c.f. Fig. 3(b)].
On the contrary, the TDSM phase withM/tz < 1 hosts
gapless DPs not only along the Γ-Z line but also along the
X-R line. As a result, the 2D integral of the spin Berry
curvature Bkz is described by d1 and d2 as 12pi [sgn(d1 −|kz |) − 2sgn(d2 − |kz |)], where d2 = 2 arccos (M/tz) is
the distance between DPs along the X-A direction. [Fig.
4(b1)-(b3)]. The SHC depends on both d1 and d2, as
shown in Fig. 4(f). Thus, even in the same TDSM phase,
the SHC for M/tz < 1 shows different behaviors than
that for M/tz > 1. (See also Sec.IV.)
Similarly, because the DSM phase possesses gapless
DPs on the Γ-Z, X-R, and M -A lines, the spin Berry
curvature Ωzxy diverges at those points [Fig. 4(c1)-(c3)].
As a result, Bkz depends on d1, d2, and d3 as follows:
Bkz = 12pi [sgn(d1−|kz|)−2sgn(d2−|kz|)+sgn(d3−|kz|)],
where d3 is the distance between the DPs along the M -A
direction. Because the three terms in Bkz are cancelled
for a finite region of kz, the SHC is strongly suppressed
in the DSM phase. For β = γ = 0, we also find that
the WTI/TCI phase with M/tz < 1 has gapless DPs
alongX-R line, and thus the SHC in the WTI/TCI phase
in M/tz < 1 and M/tz > 1 regimes are quantized to
e2/h× [1− d2/(2π)] and e2/h, respectively.
In the presence of the spin-orbital coupling (SOC) with
nonzero β and γ, the DPs along theX-R line inM/tz < 1
show a narrow gap. Whereas the spin Berry curvature
at the narrow gap [Fig. 4(b2) and (c2)] does not diverge,
it contributes to the 2D integral of the SHC, similar to
that in β = γ = 0 [Fig. 4(f)-(h)]. Thus, even for nonzero
β and γ, the magnitude of SHC could be qualitatively
explained by the location of the DPs and the distance
between DPs. On the other hand, Bkz 6=0,pi is not quan-
tized to 1/(2π) in the presence of SOC [compare Fig. 4(f)
and (g)] since the spin in the z-direction is no longer con-
served. (We note that Bkz=0,pi is quantized because of the
mirror reflection symmetry with respect to the z-axis.)
IV. DISCUSSION
First, we compare the low-energy description in
Secs.III B-III C and the lattice description in Sec.III D.
The SHC in the low-energy description is proportional
to the distance between the DPs [Eq. (25)]. This result
is consistent with that in the lattice description of the
TDSM phase with M/tz > 1; however, it does not agree
with that with M/tz < 1. This is because, in M/tz < 1,
DPs with a tiny gap appear along the X-R line, which
provide additional contributions for the spin Berry cur-
vature. Thus, the simple low-energy description given in
Sec.III B is valid only in the TDSM phase withM/tz > 1.
From the SHC of the lattice description, it is observed
that the parameter dependence of SHC clearly changes at
the line M/tz = 1. The change can be explained by the
mirror Chern numbers for the horizontal mirror reflection
FIG. 5. Phase diagram of the mirror Chern number nM for
M/tz and txy/tz at (a) kz = 0 and (b)kz = pi planes.
symmetry. The mirror Chern numbers are defined as,
nM(kz) ≡ 1
2
[n+i(kz)− n−i(kz)] , (33)
where kz = 0, π and n±i is the Chern number for mirror
sub-sectors labeled with the mirror eigenvalues ±i, which
correspond to the spin-up and spin-down sectors. Figure
5 shows the mirror Chern numbers in our models, which
indicates that nM(kz = 0) changes at the line M/tz = 1.
Corresponding to the nonzero mirror Chern numbers, we
also have surface states. The surface states of each phase
are summarized in Appendix D.
We note that the region in M/tz < 1 and that M/tz >
1 support strong and weak topological phases, respec-
tively: For M/tz < 1 (M/tz > 1), nM(kz = 0) and
nM(kz = π) are different (the same), which implies a
strong (weak) mirror topological phase17. We also point
out that a bulk topological index can be defined even in
the presence of bulk gapless points18.
Next, we discuss the mechanism of SHC. Although we
assume the clean limit and only consider intrinsic SHC,
the actual system may have the extrinsic SHC due to
disorders. According to Ref. 19, the intrinsic SHC dom-
inates when the longitudinal conductivity σxx is in the
range 104(Ω.cm)−1 < σxx < 10
6(Ω.cm)−1. For Cd3As2,
A4 and A6 samples in Ref.3 satisfy this condition, which
suggests that the intrinsic SHC is dominant. Since the
band structure of Cd3As2
20 is consistent with that in the
TDSM phase with M/tz > 1, our result estimates that
Cd3As2 shows σ
z
xy ∼ 104(~/e)×(Ω.m)−1. The estimated
value is comparable to the huge SHC in heavy metals9.
Finally, we point out that the SHC could identify
phases in the phase diagram of Fig. 3. The SHC in
the TDSM and WTI/TCI phases with M/tz > 1 is large
and negative, while that in DSM phase is small and nega-
tive. Therefore, transport measurements of the spin Hall
effect can distinguish these topological phases.
V. CONCLUSION
We theoretically studied the SHC in an effective model
Hamiltonian of TDSM in the low-energy and the lattice
8descriptions. We found that the SHC in the linearized
low-energy description is a qualitatively good approxi-
mation for the SHC in the lattice description only in the
TDSM phase with M/tz > 1 (i.e., the DPs are located
only along the Γ-Z direction). In addition, we found that
the SHC behaves differently [for some parameters] de-
pending on the phase in the lattice description. It can be
explained by the 2D SHC of each kz and by the location
of the DPs. The phase dependence of the SHC obtained
in this study can be applied in determining whether a
material is in the DSM or the TDSM phase by transport
measurement of the spin Hall effect.
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9Appendix A: Derivation of SHC
In this section, we derive the SHC using Green’s func-
tions. Here, the Green’s function is described as,
Ga(k, ω) =
P+(k)
~ω − iδ − E(k) +
P−(k)
~ω − iδ + E(k) (A1)
where P±(k) = [1 ± H/E(k)]/2 denotes the projected
operator, and δ > 0 is an infinitesimal value. The first
and the second terms of the above equation imply the
contribution from the dispersions of E(k) and −E(k),
respectively.
Using Eq. (A1), we have
σz,raxy + σ
z,aa
xy = e~
∑
k,ω
{
∂fω
∂ω
tr
[
vzs,xG
r
k,ωvyG
a
k,ω
]
+
1
2
tr
[
vzs,x
(
∂Ga
∂ω
vyG
a −Gavy ∂G
a
∂ω
)
− h.c.
]}
= e~2
∑
k,ω
{
∂fω
∂(~ω)
tr
[
vzs,xP+vyP+
|h− E|2 +
vzs,xP−vyP−
|h+ E|2 +
vzs,xP+vyP−
(h∗ − E)(h+ E) +
vzs,xP−vyP+
(h− E)(h∗ + E)
]
+ tr
[
vzs,x (P+vyP− − P−vyP+)
] [ fωE
[h2 − E2]2 − h.c.
]}
, (A2)
where we used h ≡ ~ω − iδ, and
tr
[
vzs,xG
r
k,ωvyG
a
k,ω
]
= tr
[
vzs,xP+vyP+
|h− E|2 +
vzs,xP−vyP−
|h+ E|2 +
vzs,xP+vyP−
(h∗ − E)(h+ E) +
vzs,xP−vyP+
(h− E)(h∗ + E)
]
(A3)
∂Ga(k, ω)
∂ω
= −~
[ P+(k)
[h− E(k)]2 +
P−(k)
[h+ E(k)]2
]
(A4)
Here, tr
[
vzs,xP±vyP±
]
and tr
[
vzs,xP±vyP∓
]
in Eq. (A2) are estimated from
tr
[
vzs,xvy
]
= 0 (A5)
tr
[
vzs,xHvyH
]
= 0 (A6)
tr
[H(vzs,xvy + vyvzs,x)] = 0 (A7)
and
tr
[
vzs,xP±vyP±
]
=
1
4
tr
[
vzs,xvy + v
z
s,xHvyH±
1
E
H(vzs,xvy + vyvzs,x)
]
= 0, (A8)
tr
[
vzs,xP±vyP∓
]
=
1
4
tr
[
vzs,xvy − vzs,xHvyH±
1
E
H(vzs,xvy − vyvzs,x)
]
= ± 1
4E
tr
[H(vzs,xvy − vyvzs,x)] . (A9)
Here, Eq. (A9) is also represented by the spin Berry curvature Ωzxy(k):
tr
[
vzs,xP±vyP∓
]
= ±2iΩzxy(k)E2(k). (A10)
Here, the spin Berry curvature is defined by
Ωzxy ≡
∑
m 6=n,En>Em
i
〈n,k|vzs,x|m,k〉〈m,k|vy|n,k〉 − (x↔ y)
[En(k)− Em(k)]2
=
η2
2~E3
[
cos kx cos ky(M − tz cos kz)− txy(cos kx + cos ky)
]
, (A11)
where |m,k〉 denotes the wave function for Em of them-th band. The spin Berry curvature is given by tr
[
vzs,xP±vyP∓
]
.
As a result, we have,
σz,raxy + σ
z,aa
xy = e~
2
∑
k,ω
[
2iE2Ωzxy(k)
]{ ∂fω
∂(~ω)
[
1
(h∗ − E)(h+ E) − h.c.
]
+ 2
[
fωE
[h2 − E2]2 − h.c.
]}
. (A12)
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Here, the ω integral in the above equation is obtained as follows:
∑
ω
{
∂fω
∂(~ω)
[
1
(h∗ − E)(h+ E) − h.c.
]
+ 2
[
fωE
[(~ω − iδ)2 − E2]2 − h.c.
]}
=
1
2π~
∫ ∞
−∞
d~ω
[
∂fω
∂(~ω)
[
1
(~ω + iδ − E)(~ω − iδ + E) − h.c.
]
+ 2
[
fωE
[(~ω − iδ)− E]2[(~ω − iδ) + E]2 − h.c.
]}
=
1
2π~
∮
upper half circle
dz
{
f ′z
[
1
[z − (E − iδ)][z − (−E + iδ)] −
1
[z − (E + iδ)][z − (−E − iδ)]
]
+ 2
[
fzE
[z − (E + iδ)]2[z − (−E + iδ)]2 −
fzE
[z − (E − iδ)]2[z − (−E − iδ)]2
]}
=
i
2~
[
f ′z(−E + iδ)
−E + iδ −
f ′z(E + iδ)
E + iδ
]
+ 2× i
4~
[
f ′(E) + f ′(−E)
E
− f(E)− f(−E)
E2
]
(A13)
=δ→0 − i
2~
f ′z(E) + f
′
z(−E)
E
+ 2× i
4~
[
f ′(E) + f ′(−E)
E
− f(E)− f(−E)
E2
]
(A14)
=− i
2~
f(E)− f(−E)
E2
(A15)
As a result, we obtain
σz,raxy + σ
z,aa
xy = e~
∑
k
[f(E)− f(−E)]Ωzxy(k). (A16)
Here, the SHC associates the Fermi sea term, according to Strede formal15,21.
Appendix B: Calculation of SHC in the low-energy description
Here, we show the SHC in the low-energy description. The SHC is obtained from the spin Berry curvature in the
effective model Hamiltonian H(k) by replacing sin ki → kia + o(k3i ), cos ki → 1 − 12k2i a2 + o(k3i ), and η → ~v in Eq.
(2)-(4) as follows:
Ωzxy(kx, ky, kz) =
~v2
2
m(k)
E3
where we used ηa = ~v and m(k) = −m0 +m1k2z +m2(k2x + k2y). Here, the spin Berry curvature Ωzxy(kx, ky, kz) can
be estimated near the Dirac points k± = (0, 0,±k0). Then, the spin Berry curvature linearized k near the DPs Ωzxy,±
is given by the energy dispersion E±(k ∼ k±) = ~
√
v2(k2x + k
2
y) + v˜
2(kz ∓ k0)2 as follows:
Ωzxy,±(k ∼ k±) = ±
~v2
2
~v˜(kz ∓ k0)
E3±
(B1)
= ±~v
2
2
~v˜(kz ∓ k0)
[~2v2(k2x + k
2
y) + ~
2v˜2(kz ∓ k0)2]3/2 (B2)
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As a result, we obtain
σzxy = −e~
∑
±
∫
dk3
(2π)3
Ωzxy,±(kx, ky, kz)
= − e~
4π2
∑
±
∫ ∞
−∞
dkz
∫ ∞
0
dk‖k‖Ω
z
xy,±(k‖, kz)
= − e~
4π2
∑
±
∫ ∞
−∞
dkz
∫ ∞
0
dk‖k‖
[
±~v
2
2
~v˜(kz ∓ k0)
[~2v2k2‖ + ~
2v˜2(kz ∓ k0)2]3/2
]
= − e
8π2
∑
±
∫ ∞
−∞
dkz
∫ ∞
0
dǫ
[
± ~v˜(kz ∓ k0)ǫ
[ǫ2 + ~2v˜2(kz ∓ k0)2]3/2
]
= − e
8π2
∫ ∞
−∞
dkz
[
sgn[v˜(kz − k0)]− sgn[v˜(kz + k0)]
]
(B3)
= sgn(v˜)
ek0
2π2
(B4)
= sgn(m1)
(
~
e
)
e2
2π~
k0
π
, (B5)
where we used v˜ = sgn(m1)2
√
m0m1/~.
Appendix C: Calculation of SHC in the low-energy description with the mixing effect
In this section, we calculate the SHC in the quadratic Hamiltonian. The SHC is given by Eq. (19) as
σzxy = −
e~
4π2
∫ ∞
−∞
dkz
∫ ∞
0
dk‖k‖Ω
z
xy(k‖, kz) (C1)
= −
(
~
e
)
× e
2
h
∫ ∞
−∞
dkz
2π
Bkz (C2)
with
Bkz ≡
∫ ∞
0
dk‖k‖~Ω
z
xy(k‖, kz), (C3)
Ωzxy(k) =
~v2
2
−m0 +m1k2z −m2(k2x + k2y)
E3
(C4)
E(k) =
√
~2v2(k2x + k
2
y) +m
2(k) (C5)
m(k) = −m0 +m1k2z +m2(k2x + k2y) (C6)
If m2 = 0 (or txy = 0), because m(k) is independent of kx and ky , σ
z
xy is easily calculated as follows:
Bkz =
1
2
sgn[−m0 +m1k2z ] (C7)
σzxy = −
(
~
e
)
× e
2
h
∫ ∞
−∞
dkz
2π
1
2
sgn[−m0 +m1k2z ]→ −sgn(m1)×∞. (C8)
Appendix D: Surface states
Because the nonzero mirror Chern number ensures surface states, we consider the surface states of each phase [kx
surface at kz = 0 and kz = π]. As a result, the surface states in WTI/TCI of M/tz < 1 and M/tz > 1 are different, as
shown in Fig.6. It is further found that surface states exist in WTI/TCI and TDSM phases. In the WTI/TCI phase
M/tz < 1 (M/tz > 1), the band crossing points of the surface states at kz = 0 and kz = π are present at different
12
FIG. 6. (100) surface states at (upper panels) kz = 0 and (lower panels) kz = pi in WTI/TCI phase of (a) M/tz < 1 and (b)
M/tz > 1, in TDSM phase of (c) M/tz < 1 and (d) M/tz > 1, and in (e) DSM phase. Blue and green dotted lines represent
the surface states of up-spin and down-spin sectors, respectively. The left panel shows the phase diagram.
locations (at the same location ky = 0). Furthermore, the band crossing points are located at symmetric positions,
which could have been caused by mirror-reflection symmetry.
